
ON-LINE APPENDIX
Transfer Learning Theory and Methodology
To briefly explain the mathematical details of our TL algorithm, as-

sume N number of patients in a training dataset and a linear model

between imaging features and cell density for patient k (ie, yk �

Xkwk � �k, k � 1, . . . , N). yk consists of TCD measurements for nk

biopsy samples. Xk consists of MR imaging features for biopsy sam-

ples. wk consists of model coefficients yet to be estimated. �k consists

of random errors following a Gaussian distribution. To make the

Gaussian distribution appropriate, we transformed the original TCD

measurement (range, 0–1) using a sigmoid function. Furthermore,

to couple models from different patients, we adopted a Bayesian

framework1 and assumed that the patient-specific model coeffi-

cients, W � (w1, . . . wK), share the same prior distribution, ie,

1)

p�W��, �, b� � �k � 1
K Laplace �wk; b� � MN�W; 0, �, I�.

Laplace (wk; b) is a Laplace distribution to facilitate sparsity in

model estimation (ie, to produce a parsimonious model for better

interpretability).2 MN�W; 0, �, I� is a zero-mean matrix-variate

normal distribution. Specifically, the covariance matrix, �, en-

codes the correlation among different patients.

Furthermore, given the prior distribution in Equation 1 and

the likelihood based on the training data, p�yk�XkWk� � N

�yk; XkWk, 	2I�, we can obtain the posterior distribution of W as

2)

p�W�
yk, Xk}k � 1
K , �, �, b� � p�W�� �, b��k � 1

N p�yk�Xk, wk).

Then, the maximum a posteriori estimator for W can be ob-

tained by solving the following optimization problem:

3) Ŵ, �̂ � argmin
W,�

{	k � 1
N �yk � Xkwk�2

2

� �1�W�1 � �2(Qlog��� � tr(W��1WT))}.

Here, ���2 and ���1 denote the L1 and L2 norms, respectively.

�1 � 0 and �2 � 0 are 2 regularization parameters to control the

sparsity and the amount of knowledge transferred between the

models of different patients, respectively. Equation 3 is a TL

model in the sense that it allows a joint estimation of patient-

specific model coefficients wk, k � 1, . . . , N. The most appealing

part of the TL model in Equation 3 is that it does not require a

prespecification on the correlation among patients, �, but can

estimate it in a data-driven manner. To solve the optimization

problem in Equation 3 (ie, to estimate W and �), we adopted an

efficient alternating algorithm that estimates W and � itera-

tively.1,3,4 That is, given �, the optimization problem with respect

to W is convex and is solved using the accelerated gradient algo-

rithm.5 Given W, � can be solved analytically. This iterative algo-

rithm is guaranteed to converge.
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ON-LINE FIG 1. Individual patient (A–Q) plots of relative cerebral blood volume versus tumor cell density using spatially matched image-
localized biopsies. We generated scatterplots for the 14 patients with primary GBM in our cohort who underwent at least 3 image-localized
biopsies from their initial operation. There were 4 patients (not shown) who had only 2 image-localized biopsies each who were thus excluded
from this analysis. The scatterplots for each patient consist of only that patient’s histologic and MR imaging data and show the Pearson
correlation coefficients for rCBV (x-axis) versus actual tumor cell density (y-axis) from corresponding spatially matched biopsies. Nearly all (13 of
14) patients demonstrated positive correlations so that rCBV increased with higher tumor cell density, though the strength of positive corre-
lations varied from patient to patient.

On-line Table: Pearson correlation coefficients from univariate analysis separately comparing the 6 MRI features with TCD for all
samples and subgroups of only nonenhancing versus only enhancing biopsy samplesa

T1 + C T2WI rCBV EPI + C FA MD
All samples (n � 82) 0.36 (�.001) 0.13 (.25) 0.33 (�.001) –0.02 (.85) �0.24 (.03) 0.03 (.79)
Enhancing only (n � 49) 0.18 (.22) 0.17 (.24) 0.26 (.07) 0.03 (.82) �0.31 (.03) 0.04 (.79)
Nonenhancing only (n � 33) �0.05 (.77) 0.00 (.99) 0.21 (.24) 0.03 (.87) �0.18 (.32) �0.01 (.97)

a P values are shown in parentheses.
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ON-LINE FIG 2. Individual patient (A–Q) plots of fractional anisotropy versus tumor cell density using spatially matched image-localized
biopsies. We generated scatterplots for the 14 patients with primary GBM in our cohort who underwent at least 3 image-localized biopsies from
their initial operation. There were 4 patients (not shown) who had only 2 image-localized biopsies each who were thus excluded from this
analysis. The scatterplots for each patient consist of only that patient’s histologic and MR imaging data and show the Pearson correlation
coefficients for FA (x-axis) versus actual tumor cell density (y-axis) from corresponding spatially matched biopsies. Compared with rCBV plots
in On-line Fig 1, the direction of FA correlations shows greater variability across patients, with only 57.1% (8/14) of patients having negative
correlations with TCD (versus 42.9% with positive correlations).
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ON-LINE FIG 3. Individual patient (A–Q) plots of MD versus tumor cell density using spatially matched image-localized biopsies. We generated
scatterplots for the 14 patients with primary GBM in our cohort who underwent at least 3 image-localized biopsies from their initial operation.
There were 4 patients (not shown) who had only 2 image-localized biopsies each who were thus excluded from this analysis. The scatterplots
for each patient consist of only that patient’s histologic and MR imaging data and show the Pearson correlation coefficients for MD (x-axis)
versus actual tumor cell density (y-axis) from corresponding spatially matched biopsies. Compared with rCBV plots in On-line Fig 1, the direction
of MD correlations shows greater variability across patients, with 50% of patients split between negative and positive correlations.
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ON-LINE FIG 4. Individual patient (A–Q) plots of T1-weighted postcontrast signal (T1 � C) versus tumor cell density using spatially matched
image-localized biopsies. We generated scatterplots for the 14 patients with primary GBM in our cohort who underwent at least 3 image-
localized biopsies from their initial operation. There were 4 patients (not shown) who had only 2 image-localized biopsies each who were thus
excluded from this analysis. The scatterplots for each patient consist of only that patient’s histologic and MR imaging data and show the Pearson
correlation coefficients for T1 � C (x-axis) versus actual tumor cell density (y-axis) from corresponding spatially matched biopsies. Similar to
rCBV plots in On-line Fig 1, the direction of T1 � C correlations shows high consistency across patients, with positive correlation in 13/14 patients.
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ON-LINE FIG 5. Individual patient (A–Q) plots of postcontrast T2*WI signal (EPI�C) versus tumor cell density using spatially matched image-
localized biopsies. We generated scatterplots for the 14 patients with primary GBM in our cohort who underwent at least 3 image-localized
biopsies from their initial operation. There were 4 patients (not shown) who had only 2 image-localized biopsies each who were thus excluded
from this analysis. The scatterplots for each patient consist of only that patient’s histologic and MR imaging data and show the Pearson
correlation coefficients for EPI�C (x-axis) versus actual tumor cell density (y-axis) from corresponding spatially matched biopsies.
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ON-LINE FIG 6. Individual patient (A–Q) plots of T2-weighted signal versus tumor cell density using spatially matched image-localized biopsies.
We generated scatterplots for the 14 patients with primary GBM in our cohort who underwent at least 3 image-localized biopsies from their
initial operation. There were 4 patients (not shown) who had only 2 image-localized biopsies each and were thus excluded from this analysis. The
scatterplots for each patient consist of only that patient’s histologic and MR imaging data and show the Pearson correlation coefficients for
T2-weighted (x-axis) versus actual tumor cell density (y-axis) from corresponding spatially matched biopsies.
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